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Abstract

State-to-state reaction dynamics provides a comprehensive insight into reaction
mechanisms of chemical reactions at the atomic level. A new scheme to extract
final-state information based on the normal mode analysis is proposed in this work.
Different from the traditional scheme extracting the coordinates and momenta from
the last step of each trajectory, they are taken in the new scheme from a specific step
of each reactive trajectory within the last vibrational period of the product molecule
by demanding the corresponding geometry of the step to have the minimum potential
energy. Test calculations on the collisions between the atom H and the molecules H,O,
H,S and NH3 show that the new scheme works much better than the traditional one. In
addition, the new scheme is applied to calculate the vibrational state distribution of

the product NH; in the reaction H + NH; — H; + NH..
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I. INTRODUCTION

The fruitful interplay of theory and experiment has allowed us to elucidate
gas-phase elementary chemical reaction dynamics at an unprecedented level of detail
in the past several decades.'* For triatomic and tetra-atomic reactions not involving
too many heavy atoms, experimentally measured state-to-state differential cross
sections have been well reproduced by state-of-the-art quantum scattering calculations
on accurate ab initio-based potential energy surfaces.” 781221 Ag the number of
atoms further increases, exact quantum scattering calculations become infeasible due
to the huge computational cost. Classical or quasiclassical methods, however, have
been demonstrated to have advantages in simulating polyatomic reactions although
there exist intrinsic defects such as the leakage of zero-point energy and the inability

o . 4,6,9,17,23-32
of describing quantum tunneling.™

The quasiclassical trajectory (QCT) method has been widely and successively
applied to simulate elementary chemical reactions.”>> Nevertheless, it is still very
challenging to gain accurate mode-specific final-state distributions for polyatomic
reactions. In this regard, three methods have been developed to calculate “good”
vibrational and/or rotational action variables. One is the fast Fourier transform (FFT)
approach, in which the integrals to determine the action variable are calculated by
using Fourier representations of the coordinates and momenta.*®*° These integrals are

well implemented only if trajectories are quasiperiodic. The FFT method has only
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been applied to triatomic molecules. Another one is the adiabatic switching method,
in which a zero-order Hamiltonian is assumed from which to switch on the full
Hamiltonian.*™** This method depends sensitively on the choice of coordinate system
and zero-order Hamiltonian. The third one is the normal mode analysis (NMA)
method, in which the coordinates and momenta of the last step of each reactive
trajectory are taken as input and the kinetic and potential energies of each normal
mode are computed by projecting the displacement and momentum matrices onto the
respective normal-mode space.” *” **® Since the NMA method is based on the
harmonic approximation, it is not valid for highly excited vibrational states. In
addition, since the vibrational and rotational motions are treated independently,
rotation-vibration coupling is actually neglected. The NMA method generally yields

similar results to the FFT method, but with a lower computational cost.

The NMA starts from the Cartesian coordinates and momenta of each atom. In
this work, a new scheme is proposed to extract these quantities. Different from the
traditional method taking the Cartesian coordinates and momenta from the last step of
each reactive trajectory, they are extracted from a specific step within the last
vibrational period of the product molecule. This step is determined by demanding the
corresponding geometry to have the minimum potential energy within the vibrational
period. The new scheme is first tested in the collisions between the hydrogen atom
and the molecules H,O, H,S and NHj to validate its applicability. Then, it is applied

to calculate the vibrational state distribution of the product NH, in the H + NH; —
4
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H, + NH; reaction. This paper is organized as follows. Section II details the
theoretical methods, followed by the results and discussion in Sec. IIl. Finally,

conclusions are given in Sec. V.
II. THEORY

Standard QCT calculations are carried out using the software VENUS.* The NMA

method developed by Corchado and Espinosa-Garcia®™ 27 4%

is employed to
calculate the classical action numbers. For a polyatomic molecule with N nuclei, the
Cartesian coordinates 7; and momenta p; (i = 1,---,N) in the center of mass (COM)
frame can be obtained directly from the classical trajectories. Since the

rotation-vibration coupling is neglected in the NMA, the angular velocity is first

removed by’

>nr
Vi

-

=V, —w X7, (1)

where the angular velocity @ is calculated by @ =I"'L. I =YY, m;7° is the
moment of inertia tensor (m; denotes the mass of the ith atom) and L= >N 7 X B

the angular momentum.

Then, the Cartesian coordinates 7; are shifted to make the COM of the molecule

to coincide with the COM of the reference geometry ?iref and rotated to make the

orientation of the molecule close to the reference geometry as much as possible. This
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can be achieved by determining a quaternion ¢ that is calculated by minimizing the

.27
function

D =|q"rq - rref|2. 2)

After the quaternion ¢ is obtained, the Cartesian coordinate 7; and velocity U]" are

rotated as follows:

o =qnq .
 renr i=1,--,N. 3)
Vi =q v q

The normal coordinate Q, and momentum P, (k = 1,---,3N — 6) are computed by

7 >R
Qxk = Xity/m; L A7

k=1,-,3N—6 4
- _)R ) ) ) )
=X, VM Ik Vi

where AFR = 7R — 77 is the displacement with respect to the reference geometry

ﬁ.ref in the normal mode space. The orthogonal transformation matrix I that

transforms from mass-scaled Cartesian coordinates to normal coordinates and the
frequency of each mode w; are obtained through a normal mode analysis of the

relevant reference geometry.

The vibrational energy for each normal mode is calculated by
2 212
Ex =Ti+Vie="2+2%% =138 -6, )

and the corresponding noninteger classical harmonic action number is obtained by
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n,=2k_2 k=1,-3N—6. 6)

Wk 2

The noninteger classical harmonic action number has to be conferred a “quantum
spirit”. Two binning methods, namely histogram binning (HB)’' and Gaussian
binning (GB),*>* are generally implemented. For the HB method, all the trajectories
are taken into account in the statistic and each action number is rounded to the nearest
integer. The probability of the state n (n denotes a vibrational state of the product
molecule (ny,n,,+,N3y_)) is given by

N(n)

Pyp(n) = 7)

Ntraj

Due to the classical nature of the QCT method, it allows unphysical energy
distributions among different vibrational modes. The HB would result in visible
probabilities for energetically not allowed states owing to the zero-point energy
leakage. This can be partially overcome by the GB. Different GB methods have been
proposed and applied to elementary chemical reactions. It has recently been showed
that the original action-based GB, long thought to be inapplicable to polyatomic
reactions, yields results comparable in accuracy and numerical cost to the
energy-based GB (1GB), provided that Gaussian weights are properly widened.* >
The 1GB method proposed by Czako6 and Bowman® is employed in this work. The
Gaussian weight of the pth product geometry in a given vibrational state n is

calculated by*’

G, (n) = %e—ﬁ2([E(n;)—E(n)]/[ZE(O)])Z’ p =12, N (8)

7
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where = 2VIn2/§ is a positive real parameter. J is the full width at half
maximum that is taken as 0.2 in the calculation. E(0) is the harmonic zero-point

energy. The vibrational energy of the pth product geometry is
’ — ’ 1 .
E(np) = X3Y1° i (niey +3) ©

and the vibrational energy of the state n (assigned using the HB) is

E(m) = 5% 0 +3). (10)
The probability is given by
Ty Gp(n)
Pep(n) = Zp=1 P (11)
N traj

The GB using Egs. (9) and (10) is denoted as 1GB-1. In some case, the harmonic
normal mode approximation may fail at highly distorted configurations due to the

serious overestimation of E(n;)). A more exact E(n;,) can be calculated by

—Nnr

7 —Nnr
E(np) __Zl 1My lp( Lp) +V(T‘1p,7'2p,'- er)_V(req'rz , q) (12)

where V is the potential energy of the product molecule.”> The GB using Egs. (10)
and (12) is denoted as 1GB-2. In addition, the effect of vibrational anharmonicity can

be incorporated using the second-order vibrational perturbation theory as

E() = Y3¥7° wy (ny + ) + 2N i (g + %)("l + %), (13)

where y; are the anharmonicity constants.”® The GB using Eqgs. (12) and (13) is

denoted as 1GB-3.
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The Cartesian coordinates 7; and velocities ¥; in Eq. (1) are extracted from the
trajectories. Traditionally, as has been suggested by Espinosa-Garcia,25 these
quantities are taken from the last step of each trajectory. In order to distinguish
different schemes to extract the coordinates and velocities, this traditional scheme is
denoted as Scheme-1. In QCT calculations, each trajectory generally terminates
randomly, provided that the products or reactants reach a preset value of separation.
Thus, when the geometry extracted from the last step of a trajectory happens to
deviate far from the reference geometry, a large error of the potential energy Vj in
Eq. (5) would be expected due to the harmonic approximation, resulting in an
artificially enlarged classical action number. An easy way to reduce the error is to
average classical action numbers over at least one molecular vibration period for each
trajectory. In this way, the error would be canceled out to some extent. The scheme is
denoted as Scheme-2. In this work, the coordinates and velocities are extracted from a
specific step of each trajectory within the last vibrational period of the product
molecule. The step is chosen on the condition that the corresponding geometry has the
minimum potential energy within the vibrational period. The new scheme is denoted
as Scheme-3. As aforementioned, the main limitation of the NMA method is the
harmonic approximation. When the extracted geometry departs from the equilibrium
geometry far away, the NMA would generate inaccurate potential energy. However,

this error can be, at least partly, avoided by taking the geometry close to the
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equilibrium geometry. Because the geometry having the lowest potential energy

within one vibrational period resembles most the reference geometry.

ITI. RESULTS AND DISCUSSION

A. Comparison of Different Schemes to Extract Coordinates and Momenta

To assess the accuracy of different schemes, the calculated product vibrational
distributions, ideally, should be compared with the corresponding exact quantum
dynamics results. However, it is usually impracticable as exact quantum dynamics
calculations of polyatomic reactions at the state-to-state level are very scarce. The
three schemes are compared as follows. Thousands of trajectories are first launched
from the reactant asymptote with a specific vibrationally excited initial state, followed
immediately by the NMA within the first vibrational period of the reactant. The initial
vibrational states of the reactant involving more than two atoms are sampled using the
fixed normal mode method. The state distribution initially defined is reasonably
assumed not to change significantly during the first vibrational period from the
reactant asymptote. In practice, it is found that the vibrational energy initially
deposited in the symmetric stretching mode of H,O flows into the asymmetric
stretching mode after several vibrational periods and then returns to the symmetric
stretching mode in the collision between H and H,O, and vice versa. The procedure is
repeated during the propagation when the two reactants are far from each other. This

is possibly caused by the quasiclassical fixed normal-mode sampling method. The

10
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three schemes are implemented to extract the Cartesian coordinates and momenta in
the NMA calculations. The accuracy of each scheme can be verified by assessing to
what extend the calculated vibrational state distribution duplicates the initial state
distribution. The three schemes are applied to the collisions between the atom H and

the molecules H,O, H,S and NH;.

Figures 1-4 show the calculated vibrational state distributions of the reactant H,O
from the initial states (200), (002), (030) and (111) for the collision between the
reactants H and H,0. The potential energy surface (PES) developed by Li et al.™ is
employed in the calculations. The three numbers in the bracket denote excitations in
the symmetric stretching mode, the bending mode and the asymmetric stretching
mode. For the first column of each figure, the Cartesian coordinates and momenta are
taken from the last step of each trajectory within the first vibrational period, namely
Scheme-1. In the second column, the calculated classical action numbers of every step
within the first vibrational period are averaged, namely Scheme-2. In the last column,
the Cartesian coordinates and momenta are extracted from one step of the first period
that has the minimum potential energy, namely Scheme-3. The HB and different 1GB

methods are implemented as well to test their performance.

From the upper three panels of Fig. 1, it can be seen that the 1GB-1 works visibly
better than the HB. Using the 1GB-1, the calculated populations of the state (200) by

the Scheme-1, Scheme-2 and Schme-3 are 44.4%, 78.0% and 93.5%, respectively.

11
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Thus, the Scheme-3 reproduces most the initial state. When more exact Hamiltonians
are applied to the Gaussian weight, as have been done in the 1GB-2 and 1GB-3 and
shown in the lower three panels, the results are significantly improved for the
Scheme-1 and Scheme-2. The population of the state (200) for the Scheme-1 is lifted
to 81.2% by the 1GB-2 and 74.4% and by the 1GB-3. For the Scheme-2, the
population is raised to 97.4% by the 1GB-2 and 96.0% by the 1GB-3. In sharp
contrast, the population for Scheme-3 is nearly unchanged, no matter which 1GB
method is employed. For the state (002) in Fig. 2 and the state (030) in Fig. 3, they
both present the similar trend to that of the state (200). Combining the Scheme-3 and
1GB-1, the population reaches up to 99.3% for the state (002) and 95.7% for the state

(030).

In Fig. 4, the reactant H,O is initially excited to the state (111). For such a state,
the three schemes all have a poor performance. Using the 1GB-1, the calculated
populations of the state (111) by the Scheme-1, Scheme-2 and Scheme-3 are 21.2%,
52.1% and 35.2%, respectively. The 1GB-2 increases the population to 51.8%, 66.6%
and 35.7% for the Scheme-1, Scheme-2, and Scheme-3, respectively. In contrast, the
1GB-3 raises the population to 33.8% for the Scheme-1 while decreases the
population to 49.6% for the Scheme-2 and 30.4% for the Scheme-3. It appears that the
Scheme-2 works slightly better than the other two schemes for combination band
excitations. However, when the two stretching modes are excited simultaneously, the

energy flow between the two modes is prevalent and fast due to the approximate
12
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equality of the frequencies. The effect is even possibly artificially augmented in the
QCT calculations. Therefore, adding the populations of the three states (111), (210)
and (012) together and then comparing the sum with the initial state would be more
reasonable. In this way, the calculated populations based on the 1GB-1 are 31.7%,
59.4% and 95.0% for the Scheme-1, Scheme-2 and Scheme-3, respectively. Therefore,
the Scheme-3 is still considered to be the best choice for combination band

excitations.

The different performance of the three schemes can be partially rationalized by
the obtained distributions of the classical harmonic action numbers. Figure 5 displays
the calculated distribution of the classical harmonic action number n’ of the reactant
H,0. The initial states are (200), (002) and (030) from top to bottom. The Scheme-1,
Scheme-2 and Scheme-3 are employed in the figure from left to right. Clearly, the
action number of each excited normal mode is very scattered for the Scheme-1. They
distribute dispersively from 0.5 to 4.0, from 0.5 to 3.0 and from 1.5 to 6.0 for the
trajectories launched from the initial states (200), (002) and (030), respectively. The
diffuse distribution is largely caused by the artificially augmented potential energy in
Eq. (5) due to the harmonic approximation. The Scheme-2 visibly improves the
results, in which the action numbers of the three modes are well localized around the
initial quantum numbers. Thus, averaging the action numbers over a vibrational
period neutralizes apparently the errors. For the Scheme-3, it works much better than

the Scheme-1 and slightly better than the Scheme-2. The action number is almost
13
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localized in between n— 0.5 and n + 0.5, in which n is the initially specific
quantum state. In addition, it is noteworthy that for all the three schemes the action
number sometimes switches between the symmetric stretching mode and the
asymmetric stretching mode, indicating an effect of intramolecular vibrational

redistribution (IVR) in the reactant H,0.”

Considering that the 1GB-2 and 1GB-3 generally give nearly the same results as
the 1GB-1 when the Schme-3 is employed, we only present the results obtained from
the HB and 1GB-1 thereafter for clarity. Figures 6 presents the calculated vibrational
state distribution of the reactant H,S for the collision between the reactants H and H,S
on the PES developed by Lu et al.>® The initial states of H,S are (200), (002), (030)
and (111) from up to down. Similar to the collision of H and H,O, the Sheme-3
reproduces best the initial states. Together with the 1GB-1, the populations of the
states (200), (002), (030) and (111) are 94.1%, 99.9%, 99.1% and 98.7%, in which
98.7% is the sum of the populations of three states (111), (210) and (012). Thus, the

Scheme-3 also works well in the collision between the reactants H and H,S.

The vibrational state distributions of the reactant NH; from the initial states
(2000), (0200) and (1111) in the collision between H and NH; on the PES developed
by Li et al’” are shown in Fig. 7. The four quantum numbers (n, ny, 13, n4) in the
bracket denote excitation in the symmetric stretching mode, the umbrella mode, the

asymmetric stretching mode and the asymmetric bending mode. Again, the Scheme-3

14
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reproduces best the initial state. However, its performance is not as good as in the
collisions between H and H,O and H,S. Together with the 1GB-1, the calculated
populations from the initial states (2000), (0200) and (1111) are 70.6%, 71.2% and
54.6%, in which 54.6% is the sum of the populations of three states (1111), (2101)
and (0121). The slightly poor performance of the Scheme-3 in the collision between H

and NHj results from the fast IVR in the reactant NHs.

B. Product Vibrational Distributions of the H + NH; — H, + NH, Reaction

The Scheme-3 is also applied to calculate the vibrational distributions of the
product NH; in the reaction H + NH; — H, + NH,. The initial states of the reactant
NH; are taken as (0000), (2000), (0020) and (0002), which are sampled by the fixed
normal mode method. ~40 000 trajectories are run for each initial state with the
collision energy fixed at 23.0605 kcal/mol. The trajectories are launched from a
reactant separation of 10.0 A, and terminated when products or reactants reach a
separation of 10.0 A for reactive or non-reactive trajectories. The gradient of the PES
is calculated numerically by a central difference algorithm. The time step is selected
to be 0.005 fs, which converses the energy better than 10 kcal/mol in the

propagation.

Figure 8 shows the vibrational state distributions of the product NH,. Both the
HB and 1GB-1 are implemented in the calculations. Clearly, the vibrational state

distributions obtained from the HB and 1GB-1 don’t differ too much from each other.

15
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The following discussions are thus based on the 1GB-1 results. From the ground state
of the reactant NHj3, the product NH; is almost exclusively populated in the ground
state, with a percentage of 99.1%. The states (010) and (100) are slightly excited, with
a percentage no more than 1%. Espinosa-Garcia and Corchado™® performed QCT
calculations of the same reaction with the translational energy fixed at 25 kcal/mol, in
which the vibrational and rotational energies were obtained by thermal sampling at
300 K. They found that almost 80% of the product NH, is in the vibrational ground
state, ~15% is in the fundamental state of the bending mode. The results are basically
in accordance with our calculations. The discrepancy results partially from the
different initial conditions. In this work, the reactant NH; is sampled at its ground
rovibrational state. When the reactant NHj is initially excited to the state (2000), the
NH; still dominantly populates in the ground state while the percentage decreases to
75.3%. The rest populates in the states (010), (100), (020) and (001) at 5.96%, 5.65%,
3.81% and 3.20%. Thus, the product NH, cannot retain effectively the vibrational
energy initially deposited in the symmetric stretching mode of NH;. When the
asymmetric bending mode of NHj3 is excited, namely the state (0002), the vibrational
distribution of NH, resembles that from the state (2000). The ground state has a
percentage of 73.6%, followed by the state (010) of 16.4%. Thus, a fraction of the

asymmetric bending energy of NHj flows into the bending mode of NH,.

In sharp contrast to the distributions from the initial states (0000), (2000) and

(0002), the vibrational energy initially storing in the asymmetric stretching mode of
16
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NHj; is more likely to flow into the product NH,. It can be seen from the state (0020)
the percentage of the ground state of NH; is only 27.0%, followed by the states (001)
and (010) of respective 20.4% and 20.0%. The state (100) has a percentage of 13.6%.
The combination band excitations, ie. the states (110) and (011), become

nonnegligible, with a percentage of 6.9% and 7.6%, respectively.

IV. Conclusions

A new scheme to calculate the vibrational state distribution is proposed based on
the normal mode analysis. In the scheme, the Cartesian coordinates and momenta are
extracted from a specific step of each reactive trajectory within the last vibrational
period of the product molecule. This step is taken on condition that the corresponding
geometry has the minimum potential energy within the vibrational period. The new
scheme is compared with the traditional method, in which the coordinates and
momenta are extracted from the last step of each trajectory. It is found that the new
scheme works much better than the traditional one. Another scheme, implemented by
averaging the harmonic action numbers over the last vibrational period, is also tested.
This scheme has a better performance than the traditional one while it is sometimes

not as good as the new scheme.

The new scheme is applied to calculate the vibrational state distribution of the
product NH; in the reaction H + NHs; — H; + NH,. The product NH, populates

dominantly in the ground state when the symmetric stretching mode and the

17
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asymmetric bending mode are excited, indicating that the vibrational energy deposited
in the two modes flows hardly into the vibrational modes of NH,. In sharp contrast,
the vibrational energy initially storing in the asymmetric stretching mode of the

reactant NHj; turns easily into the vibration energy of NH,.
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FIGURE LEGENDS

Fig. 1:

Fig. 2:

Fig. 3:

Fig. 4:

Fig. 5:

Fig. 6:

Fig. 7:

Calculated vibrational state distribution of the reactant H,O from the initial

state (200) for the collision between the reactants H and H,O.

Calculated vibrational state distribution of the reactant H,O from the initial

state (002) for the collision between the reactants H and H,O.

Calculated vibrational state distribution of the reactant H,O from the initial

state (030) for the collision between the reactants H and H,O.

Calculated vibrational state distribution of the reactant H,O from the initial

state (111) for the collision between the reactants H and H,O.

Distribution of the classical harmonic action number n’ of the reactant H,O.
The rows from top to bottom correspond to the initial states (200), (002) and

(030), respectively.

Calculated vibrational state distributions of the reactant H,S from the initial
states (200), (002), (030) and (111) for the collision between the reactants H

and H,S.

Calculated vibrational state distributions of the reactant NH; from the initial
states (2000), (0200) and (1111) for the collision between the reactants H and

NHs.
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Fig. 8: Calculated vibrational state distributions of the product NH, from the initial
states (0000), (2000), (0020) and (0002) of the reactant NHj3 for the H + NHj3
— H; + NH; reaction with the translational energy fixed at 23.0605 kcal/mol.
The Scheme-3 is employed in the calculations. The vibrational state of NH; is
labeled by (n;, no, n3), where n; is the quantum for the symmetric stretching

mode, n, for the bending mode and 3 for the asymmetric stretching mode.
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Fig. 6: Calculated vibrational state distributions of the reactant H,S from the initial states (200), (002),
(030) and (111) for the collision between the reactants H and H,S.
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Fig. 7: Calculated vibrational state distributions of the reactant NH; from the initial states (2000), (0200)
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31 Fig. 8: Calculated vibrational state distributions of the product NH, from the initial states (0000), (2000),

32 (0020) and (0002) of the reactant NHs for the H + NH; — H, + NH; reaction with the translational energy

33 fixed at 23.0605 kcal/mol. The Scheme-3 is employed in the calculations. The vibrational state of NH; is

labeled by (ni, n2, n3), where n; is the quantum for the symmetric stretching mode, n, for the bending mode
and ns for the asymmetric stretching mode.
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